Let X be a scheme; the fundamental group scheme of X , when it exists, is a profinite group scheme that classifies principal homogeneous spaces under finite flat group schemes over X . We generalize the construction of the fundamental group scheme given by M. Nori [No] 
Introduction
In the classic paper [W] , A. Weil proved that every irreducible vector bundle of degree zero over a Riemann surface X comes from a representation of the fundamental group of X ; he also proved that a vector bundle E over X becomes isomorphic to a direct sum of the trivial bundle over a Galoisétale covering of X if and only if there exist two polynomials f (x) = g(x) ∈ N[x] such that f (E) g(E) (where the sum has to be the direct sum and the product has to be the tensor product); vector bundles having this property are said to be finite.
In a more recent paper, Nori [No] showed that if X is a projective variety over a perfect field k, then the finite bundles (actually the essentially finite ones; see Sec.
2) form an abelian category that, when endowed with the tensor product and the "restriction to the fibre over a rational point"-functor (for precise definitions, see Sec. 2), becomes a Tannaka category; so it is naturally associated to a profinite group scheme π(X/k; x 0 ) that is a generalization of the "usual" fundamental group of X , and for this reason it is called the fundamental group scheme of X . If the "usual" fundamental group of X classifiesétale coverings with constant groups as Galois groups of automorphisms, the fundamental group scheme classifies principal homogeneous spaces over X with finite and flat group schemes as "automorphism groups." When the characteristic of the field is zero, then the fundamental group scheme is just the "usual" fundamental group of the extension of the variety over the algebraic closure endowed with the natural action of the Galois group of k.
In this paper, after giving an alternative approach to the fundamental group scheme (which works for reduced schemes over Dedekind schemes), we study representations of such a fundamental group scheme of a smooth projective curve defined over a p-adic field (finite extension of Q p ) and of an arithmetic surface (regular scheme of Krull dimension two with a flat projective morphism over the spectrum of the ring of integers of a number field).
When X K is a curve over a p-adic field K , we restrict our attention to the primeto-p part of π(X K /K ; x 0 ), π(X K /K ; x 0 ) [ p] , and the case where X K has good reduction (over the ring of integers R); in this case, by [SGA1] , the group scheme π(X K /K ; x 0 ) [ p] is very similar to π(X k /k; x 0 ) [ p] (where X k is the reduction of X K modulo the maximal ideal of R, and π(X k /k; x 0 ) [ p] is the corresponding group scheme over the residue field k). This last group has only finitely many k-isomorphism classes of representations of fixed rank N (they correspond to some semistable vector bundles over X k of rank N and degree zero), so, as a consequence, we prove the following. THEOREM 
If X K has good reduction, then the set of isomorphism classes of rational representations
ρ : π(X K /K ; x 0 ) [ p] −→ GL N ;K is finite.
In order to prove this, we show (Prop. 3.4) that there is a map with finite fibres from the set of K -isomorphism classes of representations of π(X K /K ; x 0 ) [ p] to the set of k-isomorphism classes of π(X k /k; x 0 ) [ p] . This can be seen as a nonabelian generalization of the fact that the group of the torsion points of order prime to p of an abelian variety A over a local field injects to the analogous group of the reduction mod p of A (if it has good reduction); indeed, torsion points on the Jacobian of X K correspond to principal µ n -homogeneous spaces over X K (µ n is the group scheme of the n roots of unity).
In the second half of the paper, we deal with representations of the fundamental group scheme of an arithmetic surface X ; these representations are related to a special kind of vector bundle over X that, by analogy, we call a finite vector bundle; we denote the set of finite vector bundles of rank N over X by FVect N (X ). Refining a construction in [G2] , we construct an intrinsic height on the moduli space of semistable vector bundles over a smooth projective curve defined over a number field. This construction uses the relation between geometric invariant theory and Arakelov geometry (see [B1] , [B2] , [G2] , [S2] ), and it is similar to the construction of intrinsic heights of projective varieties constructed by J. 
is the restriction map. 
In particular, FVect N (X ) is finite.
So finite bundles have bounded height (as torsion points on the Jacobian!), and consequently there are only finitely many K -isomorphism classes of representations of the fundamental group scheme of X (Th. 4.1). We remark that, if N = 1, Theorem 5.1 gives an intrinsic height on the points of the Jacobian of X K . The existence of the Picard scheme (see [BLR] ) implies that, given a torsion line bundle on X K , a suitable power of it can be extended to a torsion line bundle on X (at least when X has semistable reduction); so Theorem 5.1 implies that there are only finitely many torsion points on the Jacobian of X K defined over K . However, this was already known, for instance, by the theory of Néron-Tate heights. The function h(E ) should be related to the Néron-Tate height associated to some ample line bundle on the Jacobian; we hope to clarify this relation in a further paper.
A remark on notation: If B is a scheme, GL N ;B denotes the B group scheme of linear transformations, and GL N (B) the group of B-points of GL N ;B ; the same is true for SL N .
In Sections 5 and 6, we freely use the language of Arakelov theory; we refer to [Sz] or to [GS1] for a detailed account.
The fundamental group scheme of an algebraic curve
(a) The Nori fundamental group scheme This first part is a quick review of [No] ; for the proofs we refer to that paper.
Let k be a perfect field, and let C be a smooth projective curve defined over k. Let x 0 : Spec(k) → C be a rational point on C.
We recall that a vector bundle E on C is said to be semistable of degree zero if it is of degree zero and if for every subbundle F ⊂ E we have deg(F) ≤ 0. (The inclusion is intended to be an injective map.) More generally, let E be a vector bundle of rank N and degree d over X ; let µ(E ) = d/N , the slope of E . The vector bundle E is said to be semistable (stable) if for every subbundle F ⊂ E we have
The semistable vector bundles of degree zero on C form an abelian category SS(C). A vector bundle F is said to be finite if there exist two polynomials
, where the product is the tensor product and the sum is the direct sum. A vector bundle F is said to be essentially finite if it is semistable of degree zero and there exist semistable vector bundles P i (1 ≤ i ≤ n), S, and T such that T ⊂ S ⊂ n i=1 P i and F S/T . If k is of characteristic zero, every essentially finite vector bundle is finite.
The full subcategory EF(C) of SS(C) with essentially finite vector bundles as objects is an abelian category stable by direct sum and tensor product; moreover, if Vect(k) is the category of the finite-dimensional k-vector spaces, the functor
(E| x 0 is the fibre at x 0 of E) is fully faithful. This means that the triple (EF(C); ⊗; x * 0 ) is a Tannaka category. So there exists a profinite group scheme π(C/k; x 0 ) such that (EF(C); ⊗; x * 0 ) is equivalent to the category Rep k (π(C/k; x 0 )); ⊗; forgetful functor of the representation of π(C/k; x 0 ) up to isomorphism. An object in Rep k (π(C/k; x 0 )) is a k-isomorphism class of representations of π(C/k; x 0 ). The profinite group scheme π(C/k; x 0 ) is called the fundamental group scheme of C.
It is possible to construct a profinite scheme over C (inverse limit of finite schemes over C), p :C → C, which is a principal π(C/k; x 0 )-space and with a rational pointx :
If G is a finite (or even profinite) group scheme over k, there exists a bijection between group scheme morphisms α : π 1 (C; x 0 ) → G and triples (C ; G; x), where β : C → C is a principal G-homogeneous space, x ∈ C (k), and β(x) = x 0 . Moreover, there is a map γ :C → C such that γ (x) = x. When G is finite, this is proved in [No] ; when G is just profinite, then G = lim ← G i ; given a map α : π 1 (C; x 0 ) → G, this induces maps α i : π 1 (C; x 0 ) → G i and consequently triples (C i ; G i ; x i ); the projective limit of these triples gives the desired triple (see also the following).
(b) Another definition and relations with the "classical" fundamental group
There is another way to define the fundamental group scheme which actually is easier to generalize in a wider context.
Let B be a Dedekind scheme (regular scheme of dimension at most one with excellent residue fields), and let f : X → B be a faithfully flat scheme over B; we suppose that X is also reduced and irreducible (thus connected) and that there is a B-point x 0 : B → X .
In order to define the fundamental group scheme of X , we cannot use the Tannaka approach via vector bundles; indeed, unfortunately, that approach systematically uses the Krull-Schmidt property on vector bundles, and this property is not verified by vector bundles over arithmetic varieties. (It is not even true over B.)
We construct a profinite flat B group scheme that classifies B-pointed principal G-homogeneous spaces over X where G is a profinite flat B group scheme.
Let P(X ) be the category where Ob(P(X )) are triples (P; G; y) with G a finite flat B group scheme, f : P → X a principal G-homogeneous space, and y :
such that β is a B-group-schemes morphism, α is an X -morphism such that α(y 1 ) = y 2 , and if δ i : G i × P i → P i is the structural morphism (defining the homogeneous space structure), then the following diagram is commutative:
From the category P(X ), we can, in a standard way, construct the category Pro P(X ) of pro-objects of P(X ) (see [FGA, exp. 195, p. 9] ). Let I (X ) be the set of objects of P(X ). We now prove that I (X ) is filtered. 
Let us suppose for the moment that
The scheme D is a closed subscheme of E = P 1 × X P 2 which is a (G 1 × B G 2 )-torsor over X ; let p i : E → P i be the projections, and let h i = a i • p i : E → P. The G-torsor P E = P × X E over E is then trivial, and so we can find a map t :
where d is defined in order to have the diagram commutative. Set theoretically (it is easy, but notationally cumbersome, to write an intrinsic definition), if T is a B-
, and considering preimages via t × Id and t × t, we find an isomorphism between
Now we prove that the natural map F → X is a closed immersion. It suffices to prove that the diagonal map
arrows are the natural projections); the top horizontal arrow is an isomorphism, and n is faithfully flat, so since it is easy to verify that the diagram is cartesian, we are done.
In order to prove that F = X , we can suppose that B is the spectrum of a complete local ring; so let G 0 be the connected component of G. There is a nonempty open set U ⊂ B such that the group scheme
is an element of P(X ), and it is not difficult to verify that it has the desired property.
LEMMA 2.2 If G is a finite faithfully flat B group scheme, ϕ : E → X is a principal Ghomogeneous space, P K ⊂ E K is a closed subset, and H
K ⊂ G K is a closed sub- group such that P K → X K is a principal H K -homogeneous space, then the Zariski closure P K of P K in E is a principal H K -homogeneous space over X ( H K being the Zariski closure of H K in G).
Proof
The Zariski closure commutes with fibre products so the "closure" of the commutative diagram
Proposition 2.1 implies that we can find a pro-object (P X ; (X/B; x 0 ); y 0 ) such that for every triple (P; G; y) in P(X ) there exists a unique morphism
namely, we can take as (P X ; (X/B; x 0 ); y o ) the element of Pro P(X ) given by (P i ; G i ; y i ) i∈I with I = Ob(P(X )) (which is filtered by Prop. 2.1).
Let G S/B be the category of finite flat group schemes over B, and let Pro G S/B be the "pro-category" associated to it (as before); there is a natural forgetful functor
Let π(X/B; x 0 ) be F(P X ; (X/B; x 0 ); y 0 ). A priori it is just a progroup scheme, but since the transition maps are finite (so, in particular, affine), we may invoke [EGA, Prop. 8.13 .1] to conclude that π(X/B; x 0 ) is a group scheme; moreover, by [EGA, Prop. 8.10 .2], it is proper (separated and universally closed) over B. Moreover, we call the proscheme P X the universal covering of X .
We have some comments about the functoriality of π(X/B; x 0 ).
• Suppose that g : (Y, y 0 ) → (X ; x 0 ) is a B-morphism of pointed flat reduced B-schemes; then each element A = (T ; G; z) of Ob(P(X )) gives rise, by pullback (via g), to an element g * (A) ∈ Ob(P(Y )); this induces, by a limit argument, a morphism of group schemes
It is evident that this is functorial in g.
• (Base change) Let β : B → B be a morphism of Dedekind schemes; then a similar argument gives rise to a morphism of B -group schemes
Remark. It is easy to see that π(B/B; x 0 ) = {1} (the trivial group scheme).
When they may be compared, the two definitions give rise to isomorphic fundamental group schemes. The second description allows us to see how the fundamental group scheme behaves under base change. 
0 )); and the composite of the two isomorphisms is h (α), so by Galois descent (see [BLR, Chap. 6 .2]), α is an isomorphism.
Let us denote by X the B -scheme X × B B ; let (P X ; π(X /B ; x 0 ); x 0 ) be the "universal triple" of Pro P(X ); for every σ ∈ , there is a canonical isomorphism (P X ; π(X /B ; x 0 ); x 0 ) → σ * (P X ; π(X /B ; x 0 ); x 0 ) given by the fact that σ * (P X ; π(X /B ; x 0 ); x 0 ) ∈ Ob(Pro P(X )) . By the unicity of the universal triple, this gives an action of on the triple (P X ; π(X /B ; x 0 ); x 0 ) compatible with the action of on B (over B), so again by Galois descent (see [BLR, Chap. 6 .2, Exam. B]), there is a triple A ∈ Ob(Pro P(X )) such that h * (A) = (P X ; π(X /B ; x 0 ); x 0 ). Now it is easy to see that this implies that α is an isomorphism. (A gives rise to a profinite group scheme G over B with a morphism β :
It is, then, very easy to see that if B = Spec(k), where k is a field of characteristic zero and k is the algebraic closure of k, then π(X × k k/k; x 0 ) is the "usual" fundamental group of X = X × k k (see [SGA1] ); more precisely, π(X / k ; x 0 ) is the constant group scheme associated to the "classical" fundamental group; so if k is of characteristic zero, by Galois descent we see that π(X/k; x 0 ) can be described as the fundamental group π 1 (X ; x 0 ) equipped with the natural action of Gal(k/k); in order to prove this, one can apply [Mu, Lem. 7 
and finite vector bundles of rank N defined over C.
Indeed, given a finite vector bundle over C, this corresponds to a representation ρ :
is Galois invariant with respect to the natural Galois action on GL N (k) and the action on π 1 (C; x 0 ) described before. Conversely, given a Galois invariant representation ρ k : π 1 (C; x 0 ) → GL N (k), this gives rise, by Galois descent, to a representation ρ : π(C/k; x 0 ) → GL N ;k , and so to a finite vector bundle over X .
Fundamental group schemes of curves over p-adic fields
Let K be a p-adic field (finite extension of Q p ), let R be its ring of integers, and let k p be its residue field. Let f : C K → Spec(K ) be a smooth projective curve of genus g ≥ 2 with a K -rational point x 0 ∈ C K (K ).
In this section we study K -rational representations of the maximal prime-to-p quotient π(C K /K ; x 0 ) [ p] of the fundamental group scheme of C K . By a K -rational representation of a K -group scheme G , we mean a morphism between the K -group schemes G and GL N ;K defined over K .
The group scheme π(C K /K ; x 0 ) [ p] is defined in the same way as π(C K /K ; x 0 ), but we take only finite and flat group schemes of order coprime to p.
It is the profinite group scheme over Spec(K ) of rank coprime with p which is a quotient of π(C K /K ; x 0 ) and maximal for this property.
The group Gal(K /K ) acts on the underlying group π( 
Proof Let k p be the algebraic closure of the residue field k p of R.
By arguments similar to the ones used at the end of Section 2 (and remembering that every finite flat group scheme of order coprime to p isétale over k p and that anétale finite flat group scheme over k p is nothing other than a finite group with a continuous action of Gal(k p /k p )), we see that π(C k p /k p ; x 0 ) [ p] is the group scheme given by π 1 (C k p ; x 0 ) [ p] endowed with the natural action of Gal(k p /k p ).
By [SGA1] (see [SGA1, exp. X] and, in particular, [SGA1, exp. X, Cor. 3 .5]), there is an isomorphism of profinite groups π 1 (C K ; x 0 ) [ p] π 1 (C k p ; x 0 ) [ p] (where C K is the extension of C K to the algebraic closure); as a consequence of what we said, this isomorphism can be written as π(
; following the proof of [SGA1, exp. X, Cor. 3.5] , it is not difficult to verify that this isomorphism is Galois invariant Gal(K /K ) acts naturally on the left and on the right , but the inertia group I p acts trivially on π(
Lemma 3.1 tells us that, under that hypothesis, π(C K /K ; x 0 ) [ p] extends naturally to a profiniteétale group scheme (which, by abuse of notation, we again denote by π(C K /R; x 0 ) [ p] ) over Spec (R) ; moreover, the special fibre of π(
be the category of vector bundles F over C k p (over C K ) for which there exists a finite flat group scheme G (depending on F) of order prime to p over k p (over K ) and a principal G-homogeneous space Y over C k p (over C K ), such that the pullback of F to Y is isomorphic to the trivial vector bundle of the rank of F. The category
is an abelian subcategory of the category of finite bundles, and it is stable by tensor product, so (it is easy to verify that) it is actually a Tannaka category (in order to prove this, one adapts the proof given by Nori [No] and uses the fact that the representation theory of finite groups of order coprime to p is the same in characteristic zero and in characteristic p); the profinite group scheme associated to it is exactly π(
, and we have a proposition analogous to that of Proposition 2.4.
PROPOSITION 3.2 There is a bijection between Galois invariant isomorphism classes of representations
The main theorem of this section is the following. 
Proof
Since k p is a finite field, the set of rational isomorphism classes of rational representations (two K -rational representations are K -isomorphic if one can obtain one from the other by conjugating by an element of
is finite. Indeed, these are in bijection with some isomorphism classes of semistable vector bundles over C k p of degree zero; these form a bounded family (see [N] ), so they are finitely many.
Consequently, the set of representations of π(
(not just isomorphism classes) is finite (k p is a finite field and, by definition, two representations are isomorphic if and only if they are conjugate by an element of GL N (k p )).
Theorem 3.3 follows from the next two propositions.
rank N ; then there exists a map with finite fibres
/H ρ with the image of ρ K ; by the Nori description of the fundamental group scheme (but see below also), G K is representable and finite over K ; again by the Nori description of the fundamental group scheme, ρ K corresponds to a finite vector bundle over C K , so G K is a finite flat group scheme over Spec(K ) of order coprime to p over which the inertia I p acts trivially. So G K naturally extends to a group scheme G over Spec (R) .
Since G isétale over R, there exists anétale covering
This map, by construction, commutes with the Galois action, so by Galois descent, ρ K extends to a map ρ R : π(C/R; x 0 ) [ p] → GL N ;R . Reducing the map modulo the maximal ideal m p of R, we obtain a representation
Now we have to prove that the map is finite to one. Let f : C → B = Spec(R) be the smooth model of C K over Spec (R) . Let φ p : Y k p → C k p be the G k p homogeneous space associated to the representation α(ρ K ), and let y 0 be its rational point. Since G k p isétale over k p , φ p isétale. Now since R = lim ← R/m n and for the lifting property ofétale morphisms (see [BLR, Prop. 6, p. 37] ), the morphism φ p can be lifted to a G homogeneous space φ : Y → C.
In order to conclude, we need the following. Let us see how Proposition 3.5 implies that α is finite to one. The map π k p isétale, so it can be lifted to a map π : Y → C in at most one way; so given two representations such that α(ρ 1 ) = α(ρ 2 ), we have that the groups ρ i (π 1 (C K ; x 0 ) [ p] )(K ) (i = 1, 2) are isomorphic; call them G; Now G is finite, so it has only finitely many K -isomorphism classes of representations; thus, by Proposition 3.5, we conclude.
Proof
First we remark that finite vector bundles over a curve defined over an algebraically closed field of characteristic zero are polystable (direct sum of stable bundles of degree zero); indeed (we can suppose that the field is C), let E be such a vector bundle, and let ρ E : π 1 (C; x 0 ) → GL N be the representation associated to it; the image of ρ E is a finite group, so ρ E is unitary and consequently polystable.
We observe then that for line bundles the proposition is trivially true. (They are both of degree zero, and H 0 (C; E * 1 ⊗ E 2 ) K , etc.) It suffices to prove then that given two vector bundles E 1 and E 2 on C such that their pullback on C is isomorphic and polystable of degree zero (direct sum of stable vector bundles of degree zero), there exists an isomorphism between them defined over K .
Moreover, since they are semistable of the same rank and degree (so every injective morphism between them is an isomorphism), it suffices to find an injective morphism between them. So we have to find a map ϕ :
There is a map of sheaves det : Hom(E 1 ; E 2 ) → Hom(det(E 1 ); det(E 2 )) O C , and this induces a K -multilinear map H 0 (Hom(E 1 ; E 2 )) → K ; now it suffices to choose an element that is not in the preimage of zero; it exists because it exists over the algebraic closure, because being on the preimage of zero is a closed condition, and because H 0 (·) commutes to flat base change.
Thus Theorem 3.3 is proved.
Remark. By Galois cohomology (and using again Prop. 3.5) and using the fact that the genus of C K is at least two, Theorem 3.3 can be extended to the case when K is just a subfield of a p-adic field (e.g., a number field).
Fundamental group scheme of arithmetic surfaces
Let K be a number field, let O K be its ring of integers, and let f : X → Spec(O K ) = B be an arithmetic surface. (X is a connected regular scheme of Krull dimension two, and f is a flat, projective, generically smooth morphism geometrically integral.) We suppose that the genus of the generic fibre of X is at least one, that it is connected, and that X (B) = ∅. Let x 0 : B → X be a B-point. So let π(X/B; x 0 ) be the fundamental group scheme of X .
We think that π(X/B; x 0 ) contains much arithmetic information about X . The following things should be remarked:
• π 1 (X ; x 0 ) is very sensitive to any (butétale) base change (we mean it does not commute);
• the "classical" fundamental group of X has been studied by Y. Ihara [I] and by Bost [B3] ; and in many cases, it coincides with the fundamental group of B; this is not the case with the fundamental group scheme; for instance, coverings by the roots of unity which are not pullbacks of coverings of B (classified by rational torsion points on the Jacobian of X K ) are obtained as quotients of P by suitable subgroups of π(X/B; x 0 ). A group scheme is known when we know the category of its representations. We study here K -isomorphism classes of representations of π(X/B; x 0 ).
Definition
Two representations ρ 1 and ρ 2 : π(X/B; x 0 ) → GL N ,B are said to be K -isomorphic if there exists a matrix A ∈ GL N (K ) such that (ρ 2 ) K = Ad(A)((ρ 1 ) K ), where (ρ i ) K is the restriction of ρ i to the generic fibre.
In the next two sections we prove the following theorem, which is the main result of this paper. 
Remarks (i)
If N = 1, then we are dealing with characters of π(X/B; x 0 ) and, as we will see, these are in bijection with the set of torsion points of the Jacobian of X K ; by the Mordell-Weil theorem, we know that they are finitely many; Theorem 4.1 can be interpreted as a generalization of this fact.
We would like to ask the following question: If X K is a smooth projective curve over a number field K , is it true that the set of rational representations of fixed rank of π 1 (X K ; x 0 ) is finite? Toward an affirmative answer to that question, we have the following: (a) the set of characters is finite; (b) if we fix a prime number p and restrict our attention to π(X/B; x 0 ) [ p] , the answer is yes (Sec. 3); (c) by Theorem 4.1, the set of representations which can be extended over B is finite.
In order to relate Theorem 4.1 to vector bundles, the following proposition in some way forces Tannaka correspondence. 
X ) of K -isomorphism classes of vector bundles E of rank N over X , for which there exists a triple (Y (E), G(E), y
Remark. Two vector bundles are K -isomorphic if they are isomorphic on the generic fibre.
Proof
Suppose that ρ : π(X/B; x 0 ) → GL N ,B is such a representation; let G be the image of ρ; it is a finite flat group scheme over B (we recall that π(X/B; x 0 ) is a group scheme and not just a profinite group scheme). Indeed, π(X/B; x 0 ) is a scheme that is proper over B, and GL N ,B is affine, so the image is finite over B, the kernel of ρ is then open and closed, and so on (see the proof of Prop. 3.4). From P X (which is a π(X/B; x 0 )-principal homogeneous space over X ) and the map π(X/B; 
Intrinsic heights on the moduli space of semistable vector bundles
In this section we refine, and make more precise, the construction of a height on the moduli space of semistable vector bundles over a smooth projective algebraic curve over the number field K . The starting point of the construction is the results in [G1] . For the convenience of the reader, we recall the main steps, and in the meantime we introduce some further considerations and some improvements (which are essential in the following).
Let X be a projective smooth curve of genus g ≥ 1 over K If we fix N ≥ 1 and d ∈ Z, there exists a coarse moduli space U X (N ; d) of semistable vector bundles of rank N and degree d over X . It is a projective variety of dimension N 2 (g − 1) + 1.
The construction of the height is related to the construction of such a moduli space, in particular, to the verification that the definition of semistability given above is related to the semistability of points under some actions of SL M .
If L is a line bundle of degree n over X , the map
is an isomorphism; so if we want to study U X (N ; d) , we can suppose d very big. If N and d are fixed (with d sufficiently big; how big can be explicitly computed in terms of N ), for every semistable vector bundle E over X of rank N and degree d,
The number h(E ) does not change if we make a finite extension of K , so h defines a function from the set of semistable vector bundles over X defined over the algebraic closure of K to R.
In the proof we silently make some finite extensions of the field K , so in particular, we can suppose that the x i 's are defined over K . We see in the proof that the set of points in p ∈ U(N ; d)(K ), such that there exists a semistable vector E bundle over X such that the corresponding point on the moduli space is p and
If M is a hermitian line bundle over Spec(O K ) and H is as above, then one can easily verify that
Proof
It is well known (see [N, Chap. 5] ) that if N is fixed and d is sufficiently big, then every semistable vector bundle of rank N and degree d is generated by global sections.
In the following we suppose that d is as big as we need (how big can be explicitly computed). It is possible to find a quasi-projective smooth variety R, a K -vector space
, and a vector bundle U of rank N over X × R such that the following properties are verified:
• there exists a surjective map of vector bundles over X × R,
• for all q ∈ R(K ), the restriction U q = U | X ×{q} is a vector bundle of rank N and degree d over X , and the induced map
is an isomorphism; moreover, 
where U q | x is the fibre at x of the bundle U q . The map τ x is an SL(
There is an integer M = M (N ; d; g ) and M points x 1 , . . . , x M on X such that the following properties are verified (see [N, p. 141] ):
• the map
is an SL(W K )-equivariant map; 
and a basis of W ; so deciding that this basis is orthonormal, we have fixed a hermitian metric on W σ for every σ and on (
for some K -algebra S, by functoriality SL(W K ) acts on S K , and if S SL is the algebra of invariants, Y K = Proj(S SL ). By the fundamental theorem of invariant theory, S SL is a K -algebra finitely generated; up to taking some twists, we can suppose that it is generated by ρ homogeneous elements P 1 , . . . , P ρ of degree D. Moreover, since we fixed W , we can speak about O K -integral elements of S; so clearing the denominators, we can suppose that the
The open set Z ss M is given by Z ss 
(If we change W or the P i 's, this height changes.) Let H be a hermitian vector bundle over Spec (O K 
and so also defines a hermitian line bundle M over Spec(O K ) and an isometry
as in the proof of [G2, Th. 1], we can consider P i (α), and these give well-defined
Since x is semistable, at least one of the P i (α) is different from zero. Since α is an isometry, we can find a constant B depending only on W (and the metric on it) such that for every infinite place σ we have α σ ≤ B.
We can suppose that L is free (as an O K -module) and generated by an element ∈ L; therefore there exist elements s i ∈ K such that s i · = P i (α) and the image of x in P ρ−1 is [s 1 : · · · : s ρ ], so we find (remark that since P i (α) ∈ L, then for every 
but since γ * i * (O(1)) is an ample line bundle on U X (N ; d) from the definition of τ M , we conclude the proof of the theorem.
Heights of finite bundles
Let f : X → B be our arithmetic surface of generic genus g ≥ 1 defined over the number field K , and let N be a positive integer. In this section we prove that the K -isomorphism classes of finite bundles of rank N defined over X have upperbounded height. This implies that there are only finitely many K -isomorphism classes of representations of the fundamental group scheme of X (Th. 4.1). This upper bound depends on N and on some other choices, but it, evidently, is independent of the given finite bundle. Since, in order to give an upper bound of the height, it is possible to make a base extension, we sometimes enlarge the field K if necessary.
We fix a metric on the relative dualizing sheaf ω X/B and a hermitian very ample line bundle L on X of suitably big degree d; d should be such that every semistable vector bundle of rank N and degree d N has the properties described in Section 5. The metric on ω X/B and the one on L induce an L 2 -metric on the O K -module H 0 (X ; L); since L is generated by global sections, for every infinite place σ of K , the metric on H 0 (X ; L) σ induces a new metric on L σ ; the two metrics do not coincide in general, but since both are C ∞ , there are absolute constants c i such that the norm of a local section of L σ with respect to one of the metrics is upper bounded by one of the c i 's multiplied by its norm with respect to the other.
Let x 1 , . . . , x N be the N points on X K which are used in the construction of Section 5 for vector bundles of rank N and degree d N . (We can suppose that they are all rational.) THEOREM 6.1 There exists a constant C = C(X ; N ; L; ω X/B ) depending only on N , L, and
We deduce Theorem 4.1 from Theorem 6.1.
Proof
Let E be an element of FVect N (X ); we have to find a hermitian Because of our construction, we see that if
and this is independent of E. There are constants a 1 and a 2 depending only on L and N (for each embedding σ of K in C) such that if · is the given metric on E ⊗ L and · i is the metric given by the canonical surjection H 0 (X σ : E ⊗ L) → E ⊗ L on E ⊗ L (with the L 2 -metric on H 0 (X σ : E ⊗ L)), then a 1 · i ≤ · ≤ a 2 · i . Indeed, let f σ : Y σ → X σ be the induced Galoisétale cover, and let dµ be the metric on X σ (which we can suppose of total volume 1); if we put on Y σ the metric (1/m) f * (dµ), then the injection
H 0 (Y σ ; f * (L)) N is an isometry; so we can easily find the constants a i depending only on N and the comparison constants c i introduced in the beginning of this section for L.
As lattice H we choose H 0 (X ; E ⊗ L); first we remark that we have an injection H x i → E ⊗ L| x i , but since the metric on E is flat and the metric on L is the one induced by the metric on H 0 (X ; L) (this is not quite true, but see the remark at the beginning of this section), we have 1
deg(L| x i ) + O(1).
So to conclude, we have to find a lower bound for deg(H 0 (X ; E ⊗ L). This is done by using H. Gillet and C. Soulé's Grothendieck-Riemann-Roch theorem. We refer to [GS2, Sec. 4 ] for a precise statement (see also [D] ). We have
where T (L ⊗ E) is the analytic torsion of L ⊗ E. We have the following.
• The analytic torsion is bounded by using the following lemma (suggested to the referee by Bost (thanks J.-B.)).
LEMMA 6.2 Let M be a compact connected Riemann surface of genus g equipped with a smooth hermitian metric dµ, let L be a hermitian line bundle over M of degree bigger than 2g − 2, and let N be a positive integer. There exists a constant C = C (M; L; dµ; N ) (depending only on M, L, dµ, and N ) 
such that for any flat hermitian vector bundle E over M of rank N , the analytic torsion T (E ⊗ L) of E ⊗ L (on M equipped with dµ) verifies
log T (E ⊗ L) ≤ C.
For a proof, see [S1, Prop. 3, Sec. 5].
• H 1 (X ; L ⊗ E) is torsion.
So finally, we see that we have to bound the arithmetic Chern classes of E ⊗ L; but sinceĉ 1 (E ⊗ L) =ĉ 1 (E) + N L andĉ 2 (E ⊗ L) =ĉ 2 (E) + (N − 1)(ĉ 1 (E); L) + (N (N − 1)/2)(L; L), we have to boundĉ 2 (E), (ĉ 1 (E); L), and (ĉ 1 (E); ω X/B ). From the fact that (g • f ) * (E) is trivial and from the functorial properties of arithmetic Chern classes under morphism between regular schemes, we conclude the first part of the theorem.
The finiteness part of Theorem 5.1 deals only with stable vector bundles, but finite vector bundles can very well be geometrically polystable (direct sum of stable vector bundles of degree zero) and irreducible over K . The second assertion can nevertheless be deduced from the first. One can see in the construction of the moduli space U X K (N ; d) that one can choose the points x i in such a way that if N ≤ N , then the M(N ) points needed for the construction of U X K (N ; d N ) are a subset of the M(N ) points needed to construct U X K (N ; d) . The generic fibre of a finite vector bundle is geometrically polystable; making a base extension, we can suppose that actually the generic fibre is polystable. Now we see that the theorem implies that every irreducible component of it (which is finite because E is) has bounded height, so even if the bundle is reducible (semistable and not stable), it belongs to a finite list (here we also implicitly used Prop. 3.5); so we conclude.
If we consider the site of finite, faithfully flat,étale on the generic fibre maps Y → X , we can associate to it a set H 1 f f ge (X ; GL(N )) (see [FGA] ) with a natural map
by exactly the same methods, we can prove that the image of ϕ is finite. If it were possible to generalize the Tannaka approach to π(X/B; x 0 ) (meaning that the category of essentially finite vector bundles over X is Tannaka), the natural inclusion Rep N (π 1 (X ; x 0 )) → H 1 f f ge (X ; GL(N )) would be a bijection; but we think that this is not the case.
